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Abstract-A condition that the discrete measure having mass at each zero of weighted extremal 
polynomials converges to the weighted equilibrium measure will be studied using the notion of 
weighted capacity. 
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In approximation theory of polynomials the zeros distribution of extremal polynomials have been 
studied by a lot of authors [l-9]. In this note, we introduce the notion of weighted polynomials, 
and then, a theorem on zeros distribution of extremal polynomials will be generalized to the case 
of weighted extremal ones. 
For a polynomial p,(z) of degree n, the discrete unit measure with mass l/n at each zero of 
p,(z) will be denoted by pn = p(pn). It will be called the normalized counting measure on the 
zeros of pn(z). If p,(z) has multiple zeros, the obvious modification will be considered. 
The weak convergence of p,, to p as n + 00 will be defined by 
for every continuous function in the complex plane C with a compact, support. 
With the above notation we state a well-known theorem on zeros distribution of extremal 
polynomials. 
THEOREM 1. Let E be a compact set in C with cap(E) > 0 and the support of pE will be 
denoted by S, where PE is the equilibrium distribution for E. 
Let p,(z) = zn + ... be monk algebraic polynomials of degree n whose zeros are restricted 
on S, satisfying the condition below: 
limsup I~~,(~z)I[~~ 5 cap(E). 
71-00 
(2) 
Then CL,, converges weakly to PE, where 11 . 11 E d enotes the supremum norm on E. 
In this note, we generalize the above theorem for the case with respect to weighted polynomials. 
The results obtained by Mhaskar and Saff [6] are frequently used and theorems on potential theory 
play important roles. 
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Let w = W(Z) be an arbitrary bounded, Bore1 measurable and nonnegative function defined on 
a closed set E of the extended complex plane c’. 
For each integer n 2 1, we let P,,, denote the class of all 
&Z,,(~) = fi(s - 4w(s)w(4, 
i=l 
which we call the weighted polynomials of degree n with respect to the weight w(z). They will 
be also shown as w-polynomials, shortly. 
Until now, weighted polynomials were defined by p,(~)w(z)~ and a lot of theorems about them 
have been established. 
The new notation of weighted polynomials was introduced by the author. The idea will devote, 
for example, to prove w-capacity being equal to w-Chebyshev constant, which does not hold 
for p,(~)w(a)~. Moreover, theorems on usual polynomials may be generalized to ones on w- 
polynomials in many cases and in the same form (cf. Theorems 1 and 2). 
Let M(E) denote the class of all positive unit Bore1 measures whose supports are contained 
in E. We define w-energy of u E M(E) and w-capacity by 
&J(a) = I.7 log []Z - t]w@)w(t)] da(z) dg(t) 
and 
cap(w E) = exp&), (4 
respectively, where 
VW = V(w, E) = sup &Jo). 
&M(E) 
(5) 
We remark that the notion of w-capacity was introduced in [5,6]. Throughout the remainder of 
the note we assume that the nonnegative weight function W(Z) is defined on E and holds each of 
following properties: 
(a) log w is a continuous function on E. 
(b) E is of positive capacity. 
(c) ]z]w(z) -+ 0 as z -+ co, if E is unbounded. 
Let S, = support (pw), and pw E M(E) is an extremal measure such that 
L&w) = VW. (6) 
The existence of pw was shown in [5, Theorem 3.1(b)]. 
Under the assumption mentioned above, we introduce and prove the following theorem, which 
is a generalization of Theorem 1. 
THEOREM 2. Let pn+,(z) = ny=“=,(z - z~)w(z)w(z~) and pu,,,,, = ~(p,,,) be w-polynomials of 
degree n and the discrete measure having mass l/n at each zero of p,,, whose zeros of pn,W(z) 
are restricted on SW, respectively, satisfying the conditions (7) and (8) below: 
lixxizf i f: log w(a) 2 
s 
logw(t) &J(r). 
i=l 
Then pn,w converges weakly to ,uW, as n + co. 
Some results analogous to Theorem 2 were studied by Gonchar and Rakhmanov [2], and 
Mhaskar and Saff [7], for the case when E lies on the real axis R, and weighted polynomials 
are pn(z)w(z)n, respectively. 
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We remark that if w(z) = 1 on S,,,, then (7) is equivalent to (2), (8) is trivial, and cap(w, E) = 
cap(E) holds. Therefore Theorem 1 follows from Theorem 2 as a corollary. 
PROOF OF THEOREM 2. Since pn+, is a unit measure with a support S,, we can apply Helley’s 
selection theorem. Hence, there is a subsequence of measures CL,,,,, which converges weakly to a 
measure &. We denote the subsequence again by pn,zu. 
Let D be the unbounded component of S, with respect to C. It is trivial that, for z E D, 
Jern 
s 
log ]z - t] dpLn,w(t) = 
s 
log ]z - t] d,&(t). 
Since logw(t) is continuous on E and P~.~ has a compact support, we have 
which follows from the definition of the weak convergence of P~,~. 
It is trivial from the definition of pL,,, that 
s { I 
l/n 
log (z - t] d/JLn,w(t) = log fi ]Z - Zi] 
i=l 
and 
Combining (9), (lo), (11) and (12), we have, for z E D, 
(9) 
(11) 
(12) 
dim log 
i 
fi IZ - ZilW(Zi) 
i=l 
}l’~=~~~~Og{~lZ-Z,lil’~+~~~~Og{~~~Zi,)i/i 
= 
s 
log []z - t]w(t)] d/&(t). (13) 
Now we utilize the following Theorem 3 established by the author [4]. 
THEOREM 3. Let p,,,(z) = fly=“=,(z - zi)w(z)w(zi) be w-polynomials of degree n satisfying the 
conditions (d), (e) and (f) below: 
(d) The zeros of p,,, (z) are restricted on E. 
(e) lim SUP~+~ Il~~,d~)ll~~ 5 cw(w, E). 
(f) lim inf,,, k cy=i lOgW(Zi) 2 JlOgw(t)+w(t). 
Then there holds the equality 
);I IP~,&) 1 lb = exp (s 1% [Iz - tlww] 4%(t) 1 
uniformly on compact sets of D. Moreover, (f) holds with equality without inf. 
From this theorem, we have 
lim { fi IZ - Zi[W(Zi)}l’^ = exp {/log []z - tlw(t)] c&(t)} 
71’00 
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(14) 
for z E D. 
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Equations (12), (13), (14) and the fact that (f) holds with equality without inf yield, for z E D, 
which imolies 
J loglz-tldp,(t)= lo&Z-tldP:,(t) J (15) 
By the uniqueness of the Cauchy transform, we have pW = &,. As this is true for every weak 
limit & pn+ -+ CL, as claimed in Theorem 2. 
In this note, we have restricted the zeros of P~,~(z) on SW to avoid that P~,~(.z) may degen- 
erate to zero. However, if we assume that logw(t) is continuous and superharmonic, the result 
analogous to Theorem 2 will be established without the restriction. 
The extremal w-polynomials which satisfy the condition of Theorem 2 may be easily con- 
structed, using weighted Fekete points as their zeros. Another example of the extremal w- 
polynomials will be considered for Chebyshev w-polynomials whose zeros are restricted on SW. 
More precisely, the following theorem has been established by the author, recently. 
THEOREM 4. Let p&,(z) = nEl(z - zi)w(z)w(zi) be Ch b h e ys ev w-polynomials of degree n 
whose zeros are restricted on SW. Then there hold the equalities 
1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
Jfl_im~~ogw(zi) = Jlogw(t)dP,(t). 
i=l 
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